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James A. STrICKLIN,* Pao-Tan Hsu,f axp Tavopore H. H. Pra~i
Massachusetts Institute of Technology, Cambridge, Mass.

A numerical method is presented for analyzing large deflections of curved beams and large
axisymmetric deflections of shells of revolution. The governing equations that are in finite-
difference form are solved by a Newton-Raphson iteration procedure. The plastic stress-strain
relations are determined by assuming three independent slip planes that are the planes of
maximum shear stresses. The stress-strain relation along each slip plane is assumed to be
linearly strain hardening. This plasticity model gives piecewise linear plasticity relations with
determinate coefficients. For snap buckling problems, the so-called upper critical load is de-
termined by introducing an artificial spring opposite to the applied load. The true load is then
the difference between the applied load and the reaction of the spring. The important mathe-
matical consequence of introducing the spring is to yield a single valued load-deflection curve,
thus allowing the critical loads to be determined. The method is applied to several problems
including low arches, circular rings, shallow and deep spherical shells under elastic-plastie
deformations, and a shallow arch under creep deformation.
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Nomenclature

A, B, C = stress-strain coefficients [Eqs. (16) and (17)]

A = area per unit width of sheet or flange [Eq. (50)]

E,E,, E, = slope of tensile stress-strain curve (Fig. 5)

F = force per unit area [Eq. (1)]

G, = slope of plastic shear stress-strain curve (Fig. 5)

h = distance from midsurface to sheet or flange [Eq.
(50)]

u = stress resultant in vertical direction [Eq. (43)]

K = spring constant [Eq. (44)]

L = number of finite-difference stations through thick-
ness

M = stress couple and number of finite-difference stations
for concentrated load [Eq. (51)]

N = stress resultant and number of finite-difference sta-
tions along midsurface

P = force per unit area [Eq. (2)]

Q = shear resultant (Figs. 1 and 10)

r = radius of curvature (Figs. 1 and 10)

| = Xo/singy = radius of curvature in circumferential
direction

S = meridional distance (Fig. 3)

AS = finite-difference increment (Fig. 8)

[4 = thickness of shell or beam

T = time [Eq. (52)]

W = weighting factor for numerical integration [Egs.
(34-37)]

X = radial distance from axis of symmetry to mid-

- surface (Fig. 1)
X X at base of shell

Y = vertical distance from base to midsurface (Fig. 1)
Z = distance perpendicular to midsurface (Fig. 1)
a, B = coefficients for specifying boundary conditions

[Egs. (42 and 43)]
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plastic shear strain (Fig. 5)

deflection [Eq. (44)]

axial strain

circumferential angle (Fig. 1)

local distribution parameter [Eq. (44)] and shell
parameter [Eq. (53)]

Poisson’s ratio

normal stress

tensile yield stress (Fig. 5)

shear stress

shear yield stress (Fig. 5)

slope of midsurface (Fig. 1)

load distribution parameter [Eq. (44)]
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integer for solution number

arbitrary thickness finite-difference station (Fig. 8)

value at midsurface

arbitrary midsurface finite-difference station (Fig.
8)

undeformed surface

plastic

direction normal to midsurface

circumferential direction

meridional direction
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Introduction

METHOD has been developed! for predicting the re-

sponse and permanent plastic deformation of curved
beams and shells of revolution under dynamic loading condi-
tions. That method, which employs a timewise step-by-step
numerical analysis, is not applicable to static problems. The
present paper is aimed at the static problems.

The present investigation also considers the buckling of
shallow arches and shells under lateral loadings. The elastic
buckling of shallow arches has been treated by Marguerre,?
Fung and Kaplan,® and Hoff and Bruce.* The creep
buckling of shallow arches has been considered by Pian and
Chow.5%5 Buckling of shallow spherical shells under uniform
pressure has been treated by many authors.”—15

The main objective of the present investigation is to de-
velop a general procedure that is suitable to analyze large
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Fig.1 Coordinate system and foree equilibrium diagram.

plastic and creep deformations of shells of revolution. A
number of examples are included to illustrate the versatility of
the proposed method. The analysis of the large deflection
behavior of curved beams is & much simpler problem, but it
contains similar numerical procedures. A few examples on
the static deflection of low arches and rings are also included
as illustrations.

Equations for Axisymmetric Deflections of a Shell
of Revolution

The analyses of curved beams and axisymmetric deflections
of shells of revolution have many common features. For this
reason, the governing equations, the finite difference repre-
sentation, and the method of solution are discussed in detail
for the shell, and only a brief discussion is made for the
beam.

Assumptions

The assumptions for the analyses are:

1) Strains are negligible compared to 1.0.

2) Everywhere along the shell the ratio between the thick-
ness and the radius of curvature in the deformed state is
negligible compared to 1.0.

3) The material particles that lie on a normal to the mid-
surface of the undeformed shell lie on a normal to the deformed
midsurface.

4) The deflections of the shell of revolution are axisym-
metric.

5) Stresses normal to the midsurface of the structure are
negligible.

6) The stress-strain curve, obtained from a tensile test,
may be represented by straight line segments.

Equations of Equilibrium

The conditions of equilibrium of an element cut from a shell
by two adjacent meridian planes and two sections perpendicu-

7Y
\S‘
dx
-4 Fig. 2 Geometry of deformed
Y, surface.
e S X
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lar to the meridian (Fig. 1) can be written from standard text
such as Timoshenko and Woinowsky-Krieger.’8 For the
present purpose, however, the shell coordinates are referred to
the deformed shell instead of the undeformed shell. Also, the
nomenclature used here is somewhat different from that in
Ref. 16. For example, the curvature 1/r is replaced by
de¢/dS, where ¢ is the slope of the meridian, and S is the dis-
tance along the meridian.

The equations of force equilibrium and of moment equi-
librium are

d(N4X)/dS — Ny cos¢p — QXdp/dS + FX =0 (1)
N,Xd¢/dS + Nosing + d(QX)/dS + PX =0 (2
d(M 4X)/dS — Mg cosp — QX = 0 3)

where @, Ny, No, M, and My are the stress resultants and
stress couples defined by

I

t/2

Q= [, ruiz @
No= [ 0wz )
M= | “ iz 0oZdZ (6)

No - [, oz @
My = — [, iz ®)

and F and P are the applied forces per unit area along the
directions tangent and normal to the midsurface of the de-
formed shell. X is the distance from a point on the meridian
to the axis of symmetry.

Geometry of Deformed Surface

From Fig. 2 it can be seen that the equations that describe
the deformed surface are

dX/dS = cosp 9)
dY/dS = —sing (10)
d/dS = 1/r an
S = (1 + egm)dSo (12)

where €gn is the midsurface strain in the direction of Ny.
dS, is a differential element of length of the midsurface of the
undeformed body.

Compatibility Equation

The compatibility equation is an expression of the circum-
ferential strain in terms of a horizontal displacement of a ring
of material. To derive this equation, consider the undeformed
and deformed shell as shown in Fig. 3.

Let a given point be specified by the undeformed mid-
surface radius X, and the distance Z perpendicular to the mid-
surface. This point will oceupy the position X, Z in the de-

ds= (1+€gm)dsg

UNDEFORMED DEFORMED

Fig. 3 Deformed and undeformed midsurfaces of a
shell.
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formed body. The circumferential strain is, by definition,
given by the change in the circumferential length divided by
the original length, i.e.,

2x{X 4 Z sing — (Xo + Z singy) ]
21T<X0 + Z sind)o)

_ 1 [&-X)  ,(sm¢ 1
~1+Z/r1[ X, +Z<Xo r1>]

where 1/ = (singo)/Xo.

€

For thin shells where Z/r is small, the foregoing expression
reduces to

e = (X — Xo)/Xo + Z(sing/Xo — 1/11) (13)

The first term (X — Xo)/X, is the circumferential strain epm,
of the midsurface and can be expressed in terms of e4n as
follows:

X — Xo) _
X
%? fOSO sin¢ _; ¢o sin¢ _2 ¢o

1 Se
€om = e fo [cosp(l + egm) — cOShldS, =

1 So
as, + X, fo cos¢ €4mdSy
(14)
In the foregoing derivation, the frigonometric identity

¢+¢osir¢>”‘¢o
2 T2

cos¢ — €osghy = — 2 sin

has been used to prevent excessive roundoff error in the
numerical computation.

Strain-Curvature Relations

The strain-curvature relation is a geometrical equation
based on the assumption that elements normal to the mid-
surface remain normal to the deformed surface. As may be
found in Ref. 17, this equation is

€ = €gm + Z{dep/dS — 1/m) (15)
Here again the curvature is replaced by d¢/dS.

Stress-Strain Relations

The general expressions for the linear stress-strain relations
may be written as

€y = A¢ -+ B¢U¢ + C¢0'€ + e + €g° (16)
e = Ag + Booy + Coog + €t + &° amn

where the superseripts ¢ and ¢ stand for thermal and creep,
respectively. The coefficients 4, B, and C are functions of the
stresses oy and o and are dependent on the strain hardening
rule employed in the analysis. The derivation of these stress-
strain coefficients is given in the following section.

Stress-Strain Coefficients

The current development in the theory of plasticity has not
reached a stage such that a precise statement of the plastic
stress-strain relations can be obtained. Thus, in practice, the
choice as to which relation to use in a given situation is some-
what governed by mathematical convenience.

Fig. 4 Typical deflection shapes for different loads.

DEFLECTIONS OF CURVED BEAMS AND AXISYMMETRIC SHELLS 1615

Fig. 5 Stress-sirain curves.

Prior to the derivation of suitable stress-strain coefficients,
a remark should first be made of the possible loading paths
in the stress space. Test results on a spherical shell under a
gradually increasing concentrated load have indicated a rather
sharp bend at the transition region between the buckled portion
and the unbuckled portion (point A in Fig. 4a). This means
that the inside surface of the shell at point A will have a
negative value in e, However, when the shell deforms
further, the transition region moves outward, and the strain
€¢ at the inside surface at point A may be reversed and reach
a large positive value (Fig. 4b). This shows that an element
of the material may first yield in compression, then unload,
and finally reload in tension until another part of the yield
surface is reached. '

The stress-strain relations used to represent this rather
complicated behavior are derived from two basic assumptions:

1) All the plastic strain is due to slipping along three inde-
pendent slip planes§ along each of which the shear is a
maximum. For the present problem of axisymmetric
deformations of shells of revolution, the stresses o, 7o,
and 74 are zero. For thin shells, the magnitude of the
transverse shear stress 74, is of a smaller order of magnitude
in comparison to the normal stresses o, and op. It is thus
justified to neglect 74, in the stress-strain relations. It is
seen that ¢, 8, and Z are the principal stress directions, and
the magnitudes of the marimum shear stresses are o4/2,
a¢/2, and (o4 — 09)/2. They are acting in the planes that
bisect two of the principal directions. These planes are
denoted by (¢, 2), (6, 2), and (¢, 8), respectively.

2) The plastic strain contributed by each set of slip planes
may be represented by a finite number of straight lines and is
the same for positive and negative shear stress. For simplicity
in the example calculations in this paper, only one linear strain
hardening relation is employed as shown in Fig. ba. It is
seen that the plastic shear strain y? is given by

P = (1 — (F)10)/Gp (18)

where the sign is chosen to be the same as the sign of 7.

Consider now the implications of this slip plane model.
First, it is observed that yielding based on the maximum
shear stress gives, by definition, the Tresca yield condition.

The correspondence between various segments on the yield
surface and slip planes is defined as follows: segments AB and
DE correspond to planes (¢, Z); BC and EF to (8, Z); and
CDand FA to (¢, ).

Next, the plastic normal strains €,? and e?, resulting from
slip, are determined by Moht’s circle for strain. For the dif-
ferent yielding regions, the plastic normal strains are given
as follows:

1If
Icr¢l > ao lorgl < 7 104, - 0’9! < o
e? = tog — (£)oo] /Gy = —€r
(19)
e? = 0

§ Bernard Budiansky has pointed out that a similar plasticity
model has been developed by J. H. Palm.®® The only difference
is that Palm represents the unaxial stress-strain curve by an ex-
ponential function, whereas this analysis uses two straight lines
for the unaxial stress-strain curve.
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Fig. 6 Slip-plane contributions for different regions in
stress space.

If
log| < oo loo > a0 log — o9l < a0
e = oo — (£)oo]/Gp = —e
(20)
€pP = 0
1f
logl < o0 lod < oo log — o8| > a0
€? = tlog — 0o — (F)aol /Gp = —es?
@21
e? = ()

where the sign is chosen, respectively, to be the same as the
sign of ¢4, g9, and oy — 7p.

With these basic relations, the total plastic strain can be com-
puted for any loading by simply adding the plastic strain that
is contributed by each slip plane. For example, in simple
tension where op = 0 and oy > oo, the planes (¢, Z) and (¢, 8)
are activated. Thus, the total plastic strain is obtained by
combining Egs. (19) and (21), i.e.,

e = oy — 00)/Gyp (22)
€® = —1(op — 00)/Gp (23)

The first of these relations also can be used to determine the
relation between the constants from a simple tension test
specimen and those of the slip plane model. From Fig. 5b it
is seen that the plastic strain from a simple tension test speci-
men is given by

€ = (04 — 00)/Hy (24)

Equating the different expressions for the plastic strain eg?,
one obtains
1 1 1 1
== - 25
2¢, E, E E (25)
When a material is under only loading conditions, the slip
planes that contribute to the total strain in various regions
of stress space are summarized in Fig. 6.

O s
C B c B Ia'
— gy 1
)
2T~ by Ja
[’} Yy .
Y O i R
|
1
|
3 F £ g’ Fle— Oy —=

Fig. 7 Treseca yield boundary and subsequent yield sur-
face for strain hardening.
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Subsequent Yield Surfaces

From the assumed shear stress-strain diagram, it is seen that
the distance between lines that represent positive and nega-
tive yielding is a constant. From this, it follows that the
corresponding segments of the yield surface must maintain
a constant distance 2g,. For example, if the line segment AB
in Fig. 7 moves a distance ¢4 — oy to the right, the segment
DEFE must move the same distance to the right. The new yield
surface is now given by A’B’CD'E'F.

Computational Procedure

The stress-strain coefficients can be computed by inde-
pendently adding the contribution of each set of slip planes.
Consider, for example, the (¢, Z) planes. When |og4| < o,
the (¢, Z) planes contribute nothing to the plastic strains;
but when |og| > o0, these planes are activated and the new
coefficients, according to Eqs. (19) and (25), should be

1 1
A¢=A¢'—(i)%<E—E>

L, 11 1
B¢—B¢ +2<E1—E’> (26)

Cp = Cy' Ay = Ag By = By Co = Cy

where the primed coefficients include the effects of both the
elastic strains and the plastic strains which are contributed by
the other two slip planes.

If unloading oceurs after yielding, the coefficients become

- " T L_l
Ae = A" + 5 (El E)

1/1 1
B¢ = B¢” bt é <E - E) (27)
04, = 04,” Ag = Ay’ By = Bo” Ce = Cg”

where o4, is the stress value at which unloading starts. The
double primed coefficients are the values of the coefficients
which existed prior to unloading. The net contribution of the
(¢, Z) planes after yielding and unloading is to add to 44 the
expression 3(og, — (£)a0) [(1/E) — (1/E)] and to leave the
other coefficients unchanged.

After yielding occurs in the opposite direction, oy, — 04
> 20y, the coefficients become

1/1 1
Ag = 4g"" + (£) 200 — logl) (* - —>

EE
1/1 1
— rr = - -

By = By + <E1 F) (28)

Cd) — C¢/II Aﬂ — AG”I Bﬂ —_ Bolll C'ﬂ — Colll

where the sign is chosen to be the same as the sign of g4,

The total contribution of the (¢, Z) planes after Eqgs. (28)
are employed is the same as would have been obtained if the
opposite sign had been chosen in Egs. (26). Hence, all future
contribution of the (¢, Z) planes are covered by Eqs. (27) and
(28).

The contributions from the (6, Z) and (¢, 6) planes are
treated the same way, except the coefficients are changed in
accordance with Eqs. (20) and (21). It is seen that, by using
this computational procedure, the coefficients for any stress
history and stress values can be obtained without writing
down explicitly the stress-strain relations for each possible
loading path.

Numerical Representation

For the numerical representation, it is assumed that there
are N equally spaced finite-difference stations along the mid-
plane of the shell and L equally spaced finite-difference sta-
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tions through the thickness. 7 andrepresent arbitrary finite-
difference stations along the length and through the thickness
of the shell (Fig. 8).

The numerical representation consists of writing the dif-
ferential equations and integrals in terms of the values of the
variables at the finite-difference stations. The strain-curva-
ture relations and stress-strain relations, being algebraic
equations, are satisfied at all finite-difference stations. After
combining Egs. (13) and (15) with (16) and (17), the following
equations are obtained in finite-difference form:

(NgX)nt1 = (NgX)n + [Ngcosep + QX (dp/dS) — XF1.AS,
(29)

QX)nt1 = (@X), —
[NsX(do/dS) + Ngsing + PX1.AS, (30)
(MpX)nt1 = (MeX)w + (Mg cosedp + QX).AS, (31)
€omn T Zu[(sing/Xo) — (1/r)]n =
Apin + Boinogin + Cotnboim 1 €o1nf + €on®  (32)

€pmn + Zzn[(d¢/dS) et (1/7'0) ]n bl A¢ln + B¢zn0’¢ln +
C¢1n<fézn + €pit T ot (33)

L

NOn = AZn ZO-OMI/VZ (34)
=1
L

Mon = —AZ, Y oauWiZin (35)
=1
L

Ngn = AZn 3 o anWi (36)
=1
L

Mpn = —AZn Y 0 gnZ W (37
1=1

(X — Xo)o = (X — Xo)n—2 —
2AS—OI:<sin¢ T ¢ sin¢ — ¢0> +
n—2

3 2 2
4 <sinm sin t—¢°> + (38)
2 2 n—1
.ot P . D — o A8,
(sm 3 sin 2 )n] + —3— X
[(egm COSP)n—z + 4(€gm COSP)n—1 F+ (€gm COSP)x]
€omn = (X — Xo)n/Xon (39

Y= Yoo — (ASy/3){[sines(1 + egm) lu—s +
4[sing(1 + egm) loms + [sinA + epm)]n}  (40)
Gut1 = Pu1 + 288:(dep/dS)n (4D)

where AS, AZ, Z;, X, and 1 are shown in Fig. 8, and W is a
weighting factor for numerical integration through the thick-
ness of the shell. The finite-difference representations consist
of forward differences for the equations of equilibrium, Simp-
son integrations for X, ¥, and X — X, and central differences
for d¢p/dS.

Boundary Conditions

The boundary conditions for the axisymmetric deflection of

a shell of revolution are specified at the apex and at the base.

At theapex ¢ = 0, X = 0, My = My, Ny = No. At the base,

several possible boundary conditions can be represented by the
expressions

oy + ceMyn + as = 0 (42)
Bieomn + BHy = 0 (43)

where Hy is the vertical stress resultant at the base and oy,
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Fig. 8 Finite-difference model of a beam or a shell.
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as, as, B1, and B. depend on the desired boundary conditions.
For example, if the base is clamped, ez = 1.0, oy = 0, a3 =
—¢* B = 1.0, and 8, = 0, where ¢* is the slope of the shell
at the base.

Solution of the Equations

The solution of the finite-difference equations is aceom-
plished by using a Newton-Raphson iteration procedure. It
will be shown that, for a given loading, the stress resultant
and stress couple at the apex determine completely the be-
havior of the shell of revolution. The Newton-Raphson
method is used to determine the correct values of these
variables which satisfy the boundary conditions preseribed
at the base. '

Since the loading path is important for plasticity considera-
tions, the loads must be increased in increments. In the case
of creep problems, the time 7 is the independent variable.
During each time increment, the external loads P, and F,,
the thermal strains, e;* and egf, and the creep strains es° and
€ vary. For this discussion, the term ‘“‘condition 7 is used
to indicate the values of Pn, I, €sint, €ain?, €s1n°, and ean® at
the end of the jth increment, and a subseript 7 will be included
whenever a clarification of the equations is needed. Tt is
assumed that the solutions have been obtained for conditions
1,2, 3,...5-2,j-1, and the solution is desired for condition j.

Trial values for Ng; and M 4; are obtained by a linear ex-
trapolation from solutions at conditions j-2 and j-1. Also, the
stress-strain coefficients are made consistent with the stresses
obtained by a linear extrapolation from their values at con-
ditions j-2 and j-1. When unloading occurs, the stress value
at condition j-1 is assumed to be the one where unloading
starts. The accuracy of this extrapolation procedure is con-
trolled by allowing only a limited number of the stress-strain
coefficients to change when going from condition j-1 to
condition j.

Consider that at “condition j,”’ the geometric parameters,
stress-strain coefficients, and boundary conditions are pre-
seribed, and the trial values of Ny and My have been ob-
tained. The solution can then be carried out to the nth finite-
difference station; hence the values of Ngpn, Myn, and ¢, can
be obtained. Then the calculation procedure is:

1) The 2L + 5 equations given by Egs. (32-39) are used
to determine M gn, Njn, €pmn,€8mn, (d/dS)n, To1n, a00d 0 g1n. For
this solution, ogim, ogwm, and esm. are eliminated by using Egs.
(32, 33, and 39), which leaves four linear equations to be
solved for €gmn, (dp/dS)n, N, and M ..

2) Equations. (29-31 and 41) give Mon+1, Nont1, @ut1,
and ¢nti.

3) Calculation steps 1 and 2 are repeated until n = N and
the boundary conditions are checked.

4) 1If the boundary conditions are not satisfied, the partial
derivatives of the boundary condition variables are determined
as forward differences and used in the Newton-Raphson pro-
cedure to obtain new trial values for M4 and Ng.

5) Using the new values of My and N4, the four previous
steps are repeated until the boundary conditions are satisfied
to within the desired tolerances. The calculation can then be
proceeded to condition j 4 1.

For problems that involve a peak load in the load deflection
reuve, the procedure just outlined will encounter difficulty
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Fig.9 Elastic foundation for deter-
mining critical load.

when the applied load approaches the critical load. At the
critical load, the determinant of the partial derivatives, used
in the Newton-Raphson procedure, will become singular.
For the large class of problems of proportional loading, this
difficulty can be avoided by considering the shell to be sup-
ported by an elastic foundation such that the net loads P,
and F, are reduced to

P

NP1 — K&*/Pj)
(44)
Fnj = AnPj(l - Ka*/Pj)

where P; is the reference loading parameter, K the spring
constant, N\, and A, the parameters that specify the load
distribution, and 6* the deflection of a suitably chosen station.

For the present work, 6* was chosen as the deflection of the
apex when a concentrated load was applied (Fig. 9) and was
chosen as the maximum deflection when a uniform load was
applied. The maximum deflection was chosen since the de-
flection of a particular station does not necessarily increase
monotonically under uniform loading. Other alternatives for
the parameter 6* are the change in volume, slope of a particu-
lar station, etc. B

The solution now consists of specifying values of P; and
determining the resulting P, and F,. The only modification
to the method of solution is to include the parameter §* as
another unknown in the Newton-Raphson procedure.

In this study, an additional check was added to require the
stress-strain coefficients to be consistent with the actual
stresses instead of being consistent with extrapolated values
for the stresses. This is accomplished by comparing the
stresses and coefficients after the first step in the computing
cycle to see if they are consistent. If the stresses are outside
the range of applicability of the coefficients, the coefficients
are made consistent with the computed stress, and the com-
puting cycle is then repeated. By using this additional fea-
ture, the possibility of using incorrect coefficients is avoided,
but it is believed that this additional complication is not
needed if the loading increments are small.

Curved Beams

The curved beam analysis is carried out by using essentially
the method that was just described. The equations represent-
ing the curved beam replace those representing the shell, but
the iterational method for solving the equations is the same.
However, the unsymmetrical behavior of a curved beam can
be analyzed by this method if the shear resultant @ is in-
cluded as another variable in the Newton-Raphson procedure.
Then, the stress resultants and stress couple would be assumed
at one boundary and the solution carried to the other bound-
ary.

The equations of equilibrium, which correspond to those for
the shell of revolution, are (see Fig. 10)

dNg/dS — Qd¢/dS + F = 0 (45)
Nydp/dS + dQ/dS + P =0 (46)
AMe/dS — Q@ =0 (47)

The corresponding finite-difference equations can be obtained
in a similar manner.

The stress-strain relation for linear strain hardening is given
by the simple expression

€p = A¢ + B¢0‘¢ + E¢‘ + Gqsc (48)

ATAA JOURNAL

Jué

_f»t/ Fig. 10 Differential element of a beam.

As shown in Fig. 5¢, the stress-strain coefficients are deter-
mined through the relation

&” = (g — (£)oo) [(1/E) — (1/E)] (49)

Applications

The numerical procedure discussed previously has been
used to solve several different types of shell and beam prob-
lems. For these solutions, the thickness of the shell is repre-
sented by two sheets, and the thickness of the beam is repre-
sented by three flanges of equal area. The cross-sectional
area and separation distance of the sheets or flanges were de-
termined by requiring the mathematical model and actual
specimen to have the same flexural rigidity and either the same
area or the same ultimate moment per unit width. These
conditions are expressed, respectively, by the equations

Shell Beam
2 Ah? = t3/12 2 Ah? = 3/12
24 =1t 34 =1 (50)
2 Ah = t2/4 2 Ah = 12/4

where 4 is the area per unit width of the sheet or flange, and A
is the distance from the midsurface to the sheet or flange.

Since it is impossible both physically and mathematically
to apply a point load to a shell of revolution, the load is as-
sumed to be distributed over a finite area in accordance with
the following equations:

P, =P n< M
P, = P/2 n=M (51)
P, =0 n>M

where M is a specified number and P is the loading parameter.

Elastic Deflection of a Spherical Cap under a Concentrated
Load

Figure 11 shows the experimental and theoretical load-
deflection curves for a spherical cap whose slope at the base is
approximately 17°. The experimental results!® were obtained
by applying the load through a rubber pad of diameter £ in.
In the theoretical analysis, N, the number of finite-difference
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Fig. 11 Load-deflection curve for elastic spherical cap.
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Fig. 12 Load-deflection curve for a flat plate.

stations, is 91, A = /2, h = t/2 (3)V?, and the base is assumed
tojbe simply supported.

It is observed that the theoretical curve lies below experi-
mental values. Archer'? also obtained results for shallow
shells that lie below the experimental values. Using linear
shallow shell equations, Ashwell'® obtained results that agree
exceedingly well with experimental results, but he states that
the agreement is probably fortuitous. Furthermore, his ex-
perimental results indicate that the yield stress of the material
was exceeded during the experiment. The yield stress for the
material was not given; hence, the position on the load de-
flection curve where the stress exceeds the yield stress is not
known.

Elastic-Plastic Deflection of a Circular Plate

Figure 12 shows the experimental and theoretical results
for a circular steel plate under a concentrated load. In the
experiment,? a centrally placed punch of 3-in. diam was used
to apply the load. In the theoretical solution, N = 76, 2 Ah?
= 13/12, 2 Ah = t2/4, and the base is simply supported.

The theoretical curves were obtained for a yield stress of
30,000 and 38,000 psi, whereas the average yield stress of the
mild steel from which the test specimen was made is 32,000 psi.
Also shown in this figure is Onats and Haythornthwaite’s
theoretical results that were obtained by linearly adding the
elastic deflections to those obtained from a rigid, perfectly
plastic analysis.

Elastic-Plastic Deflection of a Spherical Cap under a
Concentrated Load

Results for the elastic-plastic deflection of & spherical cap
are shown in Fig. 13. For the experiments, hemispherical
shells of 4 in. in diameter and 0.023 in. thick were prepared
from 6061-O aluminum alloy by hydroforming, spinning, and
chemical milling. The thickness variations were as large as
+109%. The specimens were heat-treated to a Rockwell
hardness of 74-80, resulting in a measured compressive yield
stress of 36,000 psi for 0.29 offset and an ultimate tensile stress
of 42,500 psi. The base of the shell was clamped by placing
the shell in liquid cerrobend and allowing the cerrobend to
solidify. The concentrated load was applied through 0.5-
and 1.0-in. steel balls.

Instead of analyzing the hemispherical shell, the theoretical
analysis was conducted on a spherical cap whose slope ¢* at
the undeformed base is 30°. This simplifying assumption is
justified since only membrane forces exist in most of the un-
buckled part of the shell. In the theoretical analysis, N =
76, 2 Ah? = 13/12, 2 4 = t, and the base is assumed to be
clamped.
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Fig. 13 Theoretical . and experimental load-deflection
curves for a spherical cap.

The results show good qualitative agreement after the shell
buckles and would probably agree better at the buckling load
if the same distribution of the concentrated load had been
used. A slight change in the slope of the experimental load-
deflection curve occurs at a deflection of approximately 0.2 in.
when the axisymmetric deflection shape degenerates to a
multisided one.

Elastic-Plastic Behavior of a Semi-Ring under a Point Load

Figure 14 shows the experimental and theoretical load de-
flection curve for a semi-ring under a point load. For the ex-
periments,?! circular rings of 1.97-in. radius, 0.0625-in. thick-
ness, and 1-in. width were machined from 6061-T6 aluminum
tubing. The thickness was uniform along the circumference of
thering. Therings were mounted in a steel base and clamped
at 90° from the apex by a wedge. The load was applied at the
apex, and the deflection of the apex increased monotonically.

The mathematical model had the same moment of inertia
and ultimate moment as the test specimen. The agreement
between theory and experiment is considered to be good.

Elastic-Creep Deflection of a Shallow Arch

The ability of the method to solve creep problems is il-
lustrated on a shallow arch as shown in Fig. 15. The creep
strains were computed from the equation

Gomi—1\?
€glni” = €gplnj—1° + <—5?0l—’(;0_01) AT (52}
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Fig. 14 Theoretical and experimental load deflection
curves for a elamped ring.
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The nondimensional time AT = 0.35 was used as the time in-
terval between condition j-1 and j. The critical buckling
time 7, was 5.071. The geometry of the arch that was
analyzed is the same as that of the specimen which was used
in the experimental investigations conducted by Gjelsvik and
Bodner.?? The results were not compared, because the creep
law for the aluminum alloy used by Gjelsvik and Bodner is
not known.

Discussions and Coneclusions

Some other results, not presented in this paper, are the
buckling of shallow elastic shells under uniform pressure. In
these studics, solutions were obtained for several values of the
shell parameter A, which is defined by

A2 = 2[3(1 — ») V2R 2/ (53)

Although the shallow shell assumptions were not used in this
analysis, the computed buckling pressures are essentially the
same as those obtained through the shallow shell equations.
For example, for the shell parameter A equal to 20.0, the
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Fig. 15 Creep deflection at center of shallow arch.

buckling pressure was computed to be 0.982 of the classical
buckling pressure. For this case, Archer!? obtained a ratio of
0.987. These results, however, are of little practical value
since, as the investigation of Huang!* has shown, asymmetric
buckling occurs when the value of the shallow shell parameter
\ is greater than 6.0. The solution for A = 20 does, however,
demonstrate that the Newton-Raphson procedure, as pre-
sented here, will converge for complex deflection shapes.

The convergence of the solution with the number of finite-
difference stations along the midsurface was partially checked
through ring and shallow shell studies. It was found that the
use of 76 and 91 finite-difference stations for the ring gave
essentially the same answer, and the use of 76 and 101 finite-
difference stations for the shallow shell yielded results that
differ by a small amount. Additional checks for the con-
vergence of the solution with the number of finite-difference
stations along the midsurface are needed; but, more im-
portant, the number of finite-difference stations through the
thickness must be increased if plasticity and creep strains are
present.

In general, it is concluded that this method can be used to
study the elastic, plastic, thermal, and/or creep behavior of
beams and shells of revolution which deflect axisymmetrically.
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